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Abstract

In the paper we utilize a new approach to the classification problem of finite-dimensional alge-
bras. We give a complete classifications of associative and diassociative algebra structures on
two-dimensional vector space over any basic field.
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1 Introduction

In 1993, Loday introduced the notion of Leibniz algebra [10], which is a generalization of Lie
algebra, where the skew-symmetric of the bracket is dropped and the Jacobi identity is changed
by the Leibniz identity. Loday noted that the link between Lie algebras and associative algebras
can be extended to an "analogous" link between Leibniz algebra and so-called dialgebra which
is a generalization of associative algebra possessing two products. Namely, it was shown that if
one has a dialgebra (D, -, ) over a finite-dimensional vector space V, with two bilinear binary
operations with certain compatibility axioms then introducing a binary operation,

[Iay] :x4yfykx,

we get an algebra structure on V called Leibniz algebra. It also been shown that the universal
enveloping algebra of a Leibniz algebra has the structure of a dialgebra.

The main motivation of Loday to introduce these classes of algebras was the search of an "ob-
struction” to the periodicity in algebraic K-theory. Since then the study of different properties,
relations and classification of Loday’s algebras became an active research area. Dozens of papers
have been published [1, 2, 5], also see [6] and the references therein). But most of the results have
been related to algebras over the field of complex numbers. Recently, a result on classification of
all algebra structures on two-dimensional vector space over any basic field was published [9]. In
this paper we use the result of [9] to classify all associative and diassociative algebra structures
on two-dimensional vector space over any basic field. This technique was implemented earlier in
the series of papers [3, 4, 8] and others. However, there was a condition about the ground field,
which was cleaned up in [9].

The organization of the paper is as follows. In Section 1 we give a short review on the classifi-
cation problem of finite-dimensional algebras. Section 2 contains the main idea and results which
will be using in the research. Section 3 is devoted to a complete classification of two-dimensional
associative algebras over any basic fields. In Section 4 we compute the automorphism groups of as-
sociative algebras found in Section 3. Section 5 gives a complete classification of two-dimensional
associative dialgebras over any basic field and Section 6 summarizes the results obtained.

2 Preliminaries

Definition 2.1. A vector space V over a field F equipped with a function - : VQV — V ((x,y) — x-y)
such that,

(ax+By) z=a(x 2z)+B(y-2z), 2z (ax+8y)=az x)+5(zy),
whenever x,y,z € VY and o, B € F, is said to be an algebra A = (V, -).

Definition 2.2. Two algebras A = (V,-p) and B = (V,-g) are called isomorphic if there is an invertible
linear map f : V — V such that,

fxay)=fx) e f)
where X,y € A.

Definition 2.3. An invertible linear map f : ¥V — V is said to be an automorphism if,

fx-y)=f(x) - fy),

whenever x,y € A= (V, ).
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The set of all automorphisms of an algebra A forms a group with respect to the composition oper-
ation and it is denoted by Aut(A).

Let A = (V,-) be an n-dimensional algebra over F and e = (ei, e2,...,¢,) be its basis. Then
the bilinear map - : V x V — V is represented by a n x n? matrix (called the matrix of structure
constant, shortly MSC);

1 1 1 1 1 1 1 1 1

apy Q2 - Ay Q1 Qg tc Aoyttt Gpy Qpy 0 Qpy

2 2 2 2 2 2 2 2 2
A= a1y Grp - Ay, Q31 Attt Aoyttt Oy Gpy o Gy

- b

n n n n n n n n n

apy Gy 0 Qry Qp Qg ccr Qgp o Gpy Qg Apn
as follows:
n
_ k s
e €5 = E a;j€k, where i,j =1,2,...,n.
k=1

Therefore, the product on A with respect to the basis e is written as below,

X'y:eA(I®y)a <1>
for any x = ex, y = ey, where z = (21,22, ...,2,)" and y = (y1,%2,...,yn)? are column coordi-
nate vectors of x and y, respectively, = ® y is the tensor (Kronecker) product of z and y. Now and
onward for the product "x - y" on A we use the juxtaposition "xy".

Further, we assume that the basis e is fixed and we do not make a difference between the algebra
A and its MSC A.

An automorphism g : A — A as an invertible linear map is represented on the basis e by an
invertible n x n matrix g € M (n;[F) and g(x) = g(ex) = egx. Due to

g(xy) = gleA(z @ y)) = eg(A(z @ y)) = e(9A)(z @ y),
and

g(x)g(y) = (egz)(egy) = eA(gz ® gy) = eAg®*(z @ y).
The condition g(xy) = g(x)g(y) is written in terms of A and g as follows,

gA = Ag®?. (2)

Note that, in this term Definition 2.2 can also be rewritten as,
gA = Bg®? «—= A = g7 'B¢®% (3)
Definition 2.4. Analgebra (A, -) is said to be associative if for all x, y, z € A the following axiom is satisfied,

(xy)z = x(yz). (4)

Write,

xy = eA(z ®y), and yz=eA(y ® z),
(xy)z=eA(A(z®y)®2), and x(yz)=eA(z® Ay ® 2)).
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Then,
eA(A(J; ®y)® z) = eA(a: ®Aly® z)),
i.e., an algebra A with MSC A is associative if and only if,
AART) = A ® A), (5)

where [ is n x n identity matrix.
Definition 2.5. A dialgebra D = (V,H, ) is said to be an associative dialgebra if the following axioms are
satisfied for all x,y,z € D;
(xdy)dz=x(y 12),
xA(ydz)=x4(yF z2),
(xbFy)dz=xtF (y d2), (6)
(xdy)Fz=(xFy)tz
(xFy)Fz=xF(yF2z).

Definition 2.6. Let Dy = (V,-,F) and Do = (V,,\') be diassociative algebras. A linear function
f VY — Vis said to be a homomorphism, if

fxAy)=fx) 4 f(y), and f(xty)=fE)F f(y), foral xyeV.

Definition 2.7. Dialgebras Dy and Dy, are called isomorphic if there is an invertible homomorphism
f : Dy — Do.

Lemma 2.1. A dialgebra D with MSC D := {A, B} is diassociative if and only if the matrices A and B
satisfy the following equations:

AART) - Al ®A) =0,
A(I® A)— A(I ® B) =0,
AB®I)— B(I® A) =0, (7)
B(A®I)-B(B®I) =0,
B(B®I)-B(BRI)=0

Proof. Let,
xdy=eA(z®y)and xFy=eB(z ®y),

forany x = ez, y = ey.

Then,
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(Xl—y)l—z:eB(B(x®y)®z),
Xl—(yl—z):eB(x(@(B(y@z))).

Therefore, the diassociative algebra axioms (6) in terms of the structure constants can be given by
the identities:

A(A(;z: ®y)® z) - A(m@A(y@z))7
A(roAye2) = Alre Bye2),
A(Bawy) ©z) = B(re (Aye ), (®)
B(A(x@y) ®z) = B(B(w®y) ®z),
B(B(x RY)® z) = B(:v ® (B(y®2)))
By the property (M ® N)(P ® §) = MP @ NS of the tensor product these equations can be

rewritten as (7). O

The result that we are going to use in the paper from [9] was given as follows.

Theorem 2.1. Any non-trivial 2-dimensional algebra over a field F (Char(F) # 2,3) is isomorphic to
only one of the following listed, by their matrices of structure constants, such algebras:

(a1 a2 1l+az a4 _ 4
Al(c)_<b1 4 1-a _a2),wherec-(al,ag,a4,b1)€ﬂ_.

_far O 0 aq4 _ 3
.Ag(C)—(l b 1-a 0>,wherec—(a1,a4,b2)e[F and a4 # 0.

(a1 0 0 ag\ _ (01 0 0 a2a4 _ 3
o As(c) = (O by 1—ay O) o~ <O by 1—a; 0 ),wherec—(al,a4,b2)e[F,
a€Fanda#0.

o Ayc) = <£1 b12 1 _01> , Where ¢ = (b1, be) € F2.

[ 0 0 0 _
oA5(c)<1 %1 -1 1—a O),wherecale[l-'.

(a1 0 0 Qy o 2
oAG(c)<1 1 —a; —a O>,wherec(a1,a4)€[F and ay # 0.

(a1 0 0 as\ (a1 0 0 a2a4 _ 2
oA7(c)(0 l—a —a O>(0 1—a —ay O),wherec(al,a4)€[F,
a € Fanda #0.
0 1 1 O
oAS(c)_<bl 10 _1>,wherec—b1€[F.
1 0 0 0
_ |3
S I S
3 3
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0 1 1 1 0 1 1 1
e Ajo(c) = (bl 00 1) - (b’l(a) 0 0 1)’
where ¢ = by € F, the polynomial (b1t> — 3t — 1) (1> + b1t + 1) (b33 + 6b1t2 + 3byt + by — 2) has

(b33 + 6b1t* + 3byt + by — 2)?
(D112 + byt +1)3

noroot inF, a € F and by (t) =

_ (0 0 0 1Y _ 0 0 0 1 ) .3 .
. All(c)_(b1 0 0 0)_<a3b1i1 0 0 0),wherethepolynomzalb1 t® has no root in [,

a,c=0by € Fanda,by #0.

0 1 1 0 0 1 1 0
.Alg(C)—<b1 0 0 —1)_<a2b1 0 0 _1>,wherea,c—ble[Fanda7éO.

00 0
* A13_<1 0 0 0)'
Theorem 2.2. Any non-trivial 2-dimensional algebra over a field F (Char(F) = 2) is isomorphic to only
one of the following listed by their matrices of structure constants, such algebras:

o

a1 as l4+as a
e Ajao(c) = <bi ai 1 +ai a;l> , Where ¢ = (a1, az,a4,by) € F4

(a1 0 0 a4 o 3
oAQ,Q(c)_<1 by 1+ay 0>7wherec—(a1,a4,bg)€[F and a4 # 0.

e As5(a1,0,1) = <a11 (1) ) —l(—)al 8) , where a1 € [F.

(a1 O 0 ag\ _ (a1 O 0 aay . 3
.Ag,Q(C)—(O by 14a O)_<0 by 14 a O),wherec—(al,a47b2)€ﬂ_,

a € Fanda#0.

A= (™ L1 0y a 11 0
LRI TAb by 14a 1) \i+(Q+b)ata® by 1+a 1)
where ¢ = (a1, by, by) € F3.

_ (a1 0 0 a4 o 2
oA5,2(c)—<1 lta, a 0>,wherec—(a1,a4)e[F and a4 # 0.

1 0 0 0
[ ] A5,2(1,0) = <1 0 1 0) .

(a1 0 0 ag At 0 0 0204 _ 2
.Aﬁg((ﬁ)—(o 1+a, a 0>_(0 l1+a, a 0 >,wherec—(a1,a4)6[F,a€[F
and a # 0.

.« Ago— (M 11 0) L a 110
7.2\¢) = by 1l+a; a1 1)  \by4+aa1+a+a® 14a; a 1)°
where ¢ = (a1,b1) € F2and a € F.

0 1 1 1 0 1 1 1 .
o Aga(c) = <b1 0 0 1) ~ (b/l(a) 0 0 1) , where the polynomial
(b2t3 + byt + by)?
(D12 4+ bt +1)3°

(byt3 +t 4+ 1)(byt® + byt 4+ 1) has no root in F, a € F and b (t) =
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® Ago(c) = <O 00 1> ~ < 0,00 1) ,wherea,c = by € F and a # 0, the polynomial

by 0 0 0 bt 0 0 0
by + t3 has no root in .
.A10’2(C):<b11 } } ?)2(b1+i+a2 } 1 ?),wherea,c:ble[ﬁ
.AH,Q(C)G}1 (1) é ?)N(bz(b10+a2) é (1) ?),wherea,bEIFandb7é0.
]

Theorem 2.3. Any non-trivial 2-dimensional algebra over a field F (Char(F) = 3) is isomorphic to only
one of the following, listed by their matrices of structure constants, such algebras:

_(am az az+1l ay _ 4
AI’S(C)_(bl Ca 1-a a2>,wherec-(a17a2,a47b1)€ﬂ_.

o Ays(c) = <fll1 b02 1 —Oal %4> , where ¢ = (ay,a4,bs) € F3, and ay # 0.

(a1 O 0 ag\ _ (a1 O 0 a’ay _ 3
0A373(C)—<0 by 1-a 0>_(0 by 1—a; 0O ),wherec—(al,a4,b2)e[F,

a € Fanda#0.

0O 1 1 O

(a0 0 0 B
0A573(c)—(1 % —1 1—a 0),wherec—a1€[F.

o Ags(c) = (a11 1 —Oa1 _(le %4) , where ¢ = (a1,a4) € F2 and ay # 0.

2

_(a 0 0 a1\ _ (aa 0 0 a%ay _ 2
°A773(C)<0 l—a1 —a 0)(0 l—a; —a o)“"hmc(ah%)emv

a€Fanda#D0.
o Ags(c) = (l?l i (1) 01) , where ¢ = by € F.
0 1 1 1 0 1 1 1 .
® Ag3(br) = <b1 0 0 _1) ~ <b’1 (@ 0 0 _1> , where the polynomial

(B3 + by — 2)°

— 13)(by t? 1)(b2t3 -2 in F F (1) = .
(by — ) (b1t* + byt + 1) (b5t> + by — 2) hasno root in F, a € F and b, (t) COETRESE

e Aps()= (0 00 1) 0 001
10337\, 0 0 0)  \a®F! 0 0 0)°

where the polynomial by — t3 has no root, a,c = by € F and a,b; # 0.

0 1 1 o0 0 1 1 0
.A11>3(C)_<b1 0 0 —1>_<a2b1 0 0 _J,wherea,c-ble[ﬂa;éo.

1 0 0 0
°A12v3<1 -1 -1 0>'

0000
'A13’3:<1 0 0 0)'
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3 Classification of Two-Dimensional Associative Algebras

In the paper we make use the results of [9] above as Theorem 1, Theorem 2 and Theorem 3
for the characteristic of the basic field to be not 2, 3 (Theorem 1), to be 2 (Theorem 2) and to be
3 (Theorem 3). This and the sections followed are devoted to the classification of associative and
diassociative algebra structures on two-dimensional vector space over any basic field relying on
the theorems above.

Let A be a two-dimensional associative algebra and

A= ( Qp Q2 a3 Q4 )
fr B2 B3 Pa )’
be its MSC on a basis e = (e, e2). Write the axiom (5) in terms of the elements of A as follows:

Bi(ag —az) =0,
azf2 —ayf =0,
(a1 — B3)az — az(ay — fB2) =0,
(1 — B2)ay — ag(ag — B4) =0,
azf3 —asf =0,

ay(f2 — B3) =0, )
(1 — B3)as — az(az — Ba) =0,
ay(ag —az) =0,
B1(B2 — B3) =0,
(a2 = B4)B1 — B2(c1 — B2) = 0,
(g — B4)B1 — B3(ar — B3) = 0,
(a3 — B4)B2 — Ba(az — Ba) = 0.

Theorems 1, 2 and 3 from [9] are applied as follows: substitute the structure constants of the list
of representatives in the theorems into the system of equations (9) taking the structure constants
to be variables. The solutions to the system give the structure constants of associative algebras.

3.1 The characteristic is not 2 and 3

Theorem 3.1. Any non-trivial 2-dimensional associative algebra over a field F, with the characteristic not
2 and 3, is isomorphic to one of the following algebras presented by their matrices of structure constants:

00 00
1.As%3::<1 0 0 O>'

1 000
2.As§::(0 0 0 0).

1000
3.As§::(0 10 0).
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1
-~ 0 0 O
4, AS%Z: 2 1
00 - 0
2
1 1 )
- 0 0 oy - 0 0 a°ay
5. As3(ay) = | 2 1 1 ~ |2 1 1 , where ag € F,a € Fand a # 0.
0 3 3 0 0 5 3 0

Proof. In this case we will be dealing with Theorem 3.1.
It is easy to see that A;3 is associative.
For algebras A;2 — A, the system of equations (9) is inconsistent.
Consider,
As(c) = <O(()1 502 1 —0041 %4> = (Oé)l 502 1 70041 ‘12(;14> ’
where ¢ = (a1, a4,32) €F3,a € Fand a # 0.

Then, we get the system of equations,

(1 = B2)as = 0,
ag(ar + 2 —1) =0,
ay(207 — 1) =0,
B2(ar — B2) =0,
204%—30414—1:0,
ag(ag + 82— 1) =0.

1
But, 2a% — 307 + 1 = 0 if and onlyifa; =1lorag = 5 This produces the cases:

Casel: o =1:

as(B2 —1) =0,
ayfs =0,

ay =0, weget [2(f2 — 1) =0.
B2(B2 — 1) =0,
agf2 =0,

Case 11: If 5, = 0, then we have

7N
O =
o O
o O
o O
~~_

Case 12: If 5, = 1, then we get
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1
Case 2: If oy = 5 one has
a4(262 — 1) = 0,
263 — B2 = 0.

Case 21: oy = 0 implies 2ﬁ§ — B2 = 0. Therefore, we have;
Case 211, where 52 = 0 and

1
3 0 0 O
1
0 0 3 0
1
Case 212: If 55 = 5 then
1 0 0 0
2
0 L 0
2 2
1
Case 22: a4 # 0. This implies 8 = 3 and we obtain
1 1
5 0 0 Qg N 5 0 0 a2a4
1 1 - 1 1 ’
0 5 3 0 0 5 3 0
where ay € F,a € F and a # 0.

Note that if oy # 0 and [ is perfect (particularly, algebraically closed), then oy = 1.

For algebras A; and A the system of equations (9) also is inconsistent. O

3.2 The characteristic is two

Theorem 3.2. Any non-trivial 2-dimensional associative algebra over a field I, with the characteristic 2,
is isomorphic to one of the following algebras presented by their matrices of structure constants:

(1)>N<b2(ﬂ10+a2) (1) (1) (1)>,wherea,b€[Fandb7éO.

0\ 1 110
1>:(ﬁl+a+a2 0 0 1),wherea,61€[F.
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o
o o
N———

5. Asg)Q = ( é 0

6. Asg2 = ( é (1)

o
o

).

Proof. We verify the algebras given in Theorem 3.2 to be associative.

o
o

All the equations of the system (9) for algebras

0O 1 1 0 0 1 1 0
A1172(C)<51 0 0 1)<b2(61+a2) 0 0 1)7Wherea,b€IF,b7é0,

and
0 0 0O
A1z = (1 0 0 0) ’
in Theorem 2.2 become identities. Therefore, A11 2 and A2 2 are associative algebras.

The algebra,

O =
— O

Ay = < 511 (1) > is associative.

It is easy to see that the algebra,

1 0
Ao,z 1= ( 0 1

o o

0 . -
0 also is associative.

3.3 The characteristic is three

Theorem 3.3. Any non-trivial 2-dimensional associative algebra over a field F, with the characteristic 3,
is isomorphic to one of the following algebras presented by their matrices of structure constants:

0 0 00
.As%3’3:<1 0 0 O>'

~

1 000

2. Asg,gz—(o 0 0 O)'
1 000

3. As§g = ( 010 0

HN

2 00
.As§’3:—(0 0 2

5 2
5. As3s(aq) = < 0

o O
N——

N O
N O
o £
~
1
N\
[ V]

2
g (2) a0a4>,wherea4€[F,a€[Fanda7é0.
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Proof. In this case the associative algebras come out from the list of Theorem 3.3 as follows;

It is immediate to get that the algebra A3 3 is associative. In these case all the equations of the
system (9) turn into identities, whereas for algebras A2 3 — A4 3 the corresponding systems of
equations are inconsistent.

Let us consider,
(a1 O 0 ag\ o (a1 O 0 a’ay
AS’S(C)_(O By 1—an o)‘(o By 1—ay o)’
where ¢ = (a1, a4, 32) € F3,a € Fand a # 0.

The system of equations (9) is equivalent to

(1 — B2)as =0,
ag(ar + 2 —1) =0,
as(200 — 1) =0,
B2(ar — B2) =0,
20@—30[1—1—1:0,
ag(ag + B2 — 1) =0.

(10)

The fifth equation of (10) is 202 —3a; +1=10,ie,a; = lorag = 2.

Case 1: o; = 1 Then (10) is equivalent to 33 — 32 = 0. Therefore, we have two subcases:
Case 11: Let 8, = 0. Then, we get

1 0 0 O . —
Az 3= ( 000 0 ) is associative.
Case 12: Let 8, = 1. Then, one obtains that
1 0 0 O . —
Az 3= ( 010 0 ) is associative.

Case 2: If a; = 2 then (10) is equivalent to 33 — 3> = 0. Considering two subcases for 3 = 0
(which implies a4 = 0) and 82 = 2 we obtain the following two associative algebras:

2. 000
A3’3'_<0 0 2 o)’

and

2 0 0 «
A3!3'_(0 2 2 0

where ay € F,a € F and a # 0.

=
N———
12
O\
SN
N O
N O
Q
OQM
W
N———

There are no associative algebras generated from the classes A; 3 and A; 3 of Theorem 3.3. O
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4 The Automorphism Groups

In this section we describe the automorphism groups of algebras from Theorems 3.1, 3.2 and
3.3. It is sure that such automorphism groups can be obtained easily. But the lists of associative al-
gebras in the theorems are over any basic field and we do it here for the paper to be self-contained.
We need the automorphism groups to verify whether some of two-dimensional diassociative al-
gebras found in Section 5 isomorphic or not.

Letg = < : ‘7; ) with 2t # yz. The equation (2) is equivalent to

oz + ((ag +a3z)z+ og)z +oay2? — By =0,

(aly + as(t — 1))95 + (a3z — Ba2)y + ayutz =0,

(Oély + as(t — ))I + (a2z = B3)y + autz = 0,

ary® + ((042 +az)t — 54)2/ + ay(t? =) = 0,
(11)

Buz? + (B2 + Bo)o — a1 )2 + Br(a® — 1) = 0,

(64Z+52(x ))t+ (Bsy — a2)z + Pray = 0,
( Baz + Ba(x — ))t+ (Bay — a3)z + frxy = 0,
Bat? + ((52 + B3)y — 54)t + B1y? — auz = 0.

4.1 The characteristic of [ is not 2 and 3
This section deals with the automorphism groups of associative algebras from Theorem 3.1.

Lemma 4.1. The automorphism groups of 2-dimensional associative algebras over a field
F, (Char(F) # 2,3) are given as follows:

1 Aut(Ash){(x 0 >|xz€[F x#()}

.
2 Aut(Asg){<(1) g>|t€[F,t7éO}
5. Aut(Asd) {(i )|tz€[Ft7£O}
4Aut(A53)—{<i )|zt€[Ft7éO}

Yieris)
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Proof. For As}, the system (11) is equivalent to { 2 y=0, . Therefore,

¢ —t=0.

Aut(Asis)zAut«(l) - 8)):{(: 22>|m€ﬂ_,x7é0}.

Consider As%. Then as the system (11) we get

z(x—1)=0,
y=0,
z=0.

Hence,

Aut(As%)zAut((é 8 8 8)):{(3 ?)]te[ﬂt;«éo}.

Consider Asj. Then substituting the elements of MSC of Asj into (11) we obtain

which implies

Aut(As%)—Aut((é - 8))—{(1 ?)|t€[F,t7£0}.

0 0

For As} = also we get,

O N
N = O

therefore,

Aut(As3) = Aut

S N

0 0 O
1 0
0o Lo :{<Z t>|t7&0}'
2

o7
. Then, the system of equations (11) becomes

o

Let us now consider As} :=

[an} N | =
N|= O
—_

3 0
x— 12 —2042% = 0,
(r — 1Dy +2as2t =0,
2z — y? — 20412 =0,
z—2xz=0,
(x—1t+2y=0,
ayz —ty =0.
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The solution to the system is

{z=1,
{z =1,
ie.,

1
Aut(As3(0)) = Aut | | 2
0
1
Aut(As3(ay)) = Aut 2
0

4.2 The characteristic of [ is two

Nl= O N O

y=0,

Nl= O NI O

Malaysian ]. Math. Sci. 18(2): 227-257(2024) 227 - 257

z=0, t#0} if =0,
z2=0, t==41} if a4 #0.
0
1 0

{3 iers)
0
Qg

:{<(1) i(1)>}’ where ay # 0
0

This section is devoted to the description of the automorphism groups of associative algebras

from Theorem 3.2.

Lemma 4.2. The automorphism groups of 2-dimensional associative algebras over a field ', (Char(F) =

{(ﬁ Ig>\m7é0,zef},
{(say 1)1aroer},

are given as follows:

1. Aut(Asiy,)

2. Aut(As?) )

2)

3. Aut(Ast,) = {( )\t;éo,ze[r}
tauasty ={(1 ) )1sc 0.1,
5 Aut(AsM):{(é )\t#ow},
6 aut(asgy) = {(1 ) |atermae o}

Proof. Consider Asiy 5 = (

00 0O
1.0 0 0

). From (11) we gety = 0 and ¢ = z?. Therefore,

T
z

Aut(Asiy ) = {( (2) > | wherez # 0,z € [F} .
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Let us take Asf) 5(61) = (BO (1) (1) (1)> ~ (bg(B O+a2) é (1) ?),where a,b € Fandb # 0.
1 1
Then we get
t=1,
y=0,
2251(27— 1)7
and

T

Aut(As?, ) = {( Brlo— 1) ) > | where z # 0 € [r}.

Consider As , = (é 8 (1) 8) Then (11) is equivalent to
x—1=0,
Yy = Oa
z =0,
t—1=0,

and we get

Aut(Asgyg) = {I = ( é

= O

)}

Consider Asj (1) = (511 (1) é (1)> o~ <B1+(11+a2 (1) (1) (1)) Then from the system of

equations (11), we obtain

Pry+ a2+ x =0,
t+y+1lx+yz=0,
y(y+1) =0,

(22 + 1)1+ 22 +2=0,
Bray+tz+ 2 =0,
Bry? +t> +t=0.

We get
Aut(As5(B1)) = {( i ) ) |z e {0,1}}.

10 0 0

Consider Asj , := (0 00 0

). Then, (11) becomes
z+1=0,

y=0,

z=0.

Aut(ASgQ)_{(é 2>|t7£0€[F}.

Hence,
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Consider Asf , := ((1) (1) (0) 8) Then,
y=Vu
rz+ 2 =0,
tr+t=0.

Therefore,

Aut(As?ﬂz{(i (t))|z€[Fandt7é0€[F}.

4.3 The characteristic of [ is three

Here we describe the automorphism groups of associative algebras from Theorem 3.3.

Lemma 4.3. The automorphism groups of 2-dimensional associative algebras over a field F, (Char(F) = 3)
are given as follows:

1.

2.

Proof. Consider Asiy 3 := (

AUt(AS%&?)) = {( ! 2(Eg ) |JZ,Z elb,z # 0},

z

Aut(As3 ) = ((1) 2)|te[F,t7éO},

10
(0 t)|te[F,t7é0},
1 0
Aut(Ass 3) = (1+2t t>|te[F,t7éO},
0
2

Aut(As33(0)) = Aut (( :

Aut(Asg;g(%))_Aut((g oy >>_{(i ?),ZE[F} s #0.

0
1

Aut(As3 3)

I
—

0 0 O .
0 0 ).Then,(ll)glves

0
y =0,
22 —t=0.

Therefore,

z 0
AUt(AS%&?,) = {( 2 )

w,ze[Fandm;éO}.
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1000
. 2 I .
Consider Asj 5 := (O 0 0 0). From (11), we obtain
z—1=0,
y=0,
z=0.
Hence,
2 10
Aut(As3 ) = {( 0 ) |te[F,t7é0}.
. 1000
; 3.
Consider As; 5 := <0 10 0). Then,

r =1,
y =0,

Aut(Asg:;):{(i 2)|z,t7é0€[F}.

2 000
00 2 0

and

If A= As3y:= ( ), then (11) implies

r=1,
y=0.

Aut(Asé?,):{(i 2)|z,t7é06[F}.

The system of equations (11) for the group of automorphisms of As3 ;(cv) := (3 (2) (2) 064) is

Therefore,

oz? +222 + 2 =0,
aytz + 22y +y =0,
ast? + 20y + 2y2 =0,

12
z(x+1)=0, (12)
(r+2)t+yz=0,
a4z + 2ty = 0.
The solution to the system is
{r=1,y=0,z =0}, if ay=0,
{x=1,y=0,2=0,t = £1}, if a4 #0.
Thus,
5,1 _ 2 0 00 _ 10
Aut(As373(O))—Aut<<O 9 9 0))—{(0 t),t;éOe[F},
2 00 « 1 0
Aut(Asgzg(a4)):Aut<(0 9 9 04 )>:{<O il)’ZE[F} ay # 0.
O
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5 Classification of Two-dimensional Associative Dialgebras

In this section we classify all two-dimensional associative dialgebras over any basic field. As
was mentioned earlier a dialgebra can be given by two 2 x 4 matrices;

_ [ 01 az a3 Oy _ [ 7 72 3 74
A_<61 B B 64)’andB_<61 5y G 64>’

corresponding to the binary operations - and I, respectively. The matrix equations (7) in terms
of entries of A and B can be written as follows:

AXIOM1: A(A®I)— A(I ® A) = 0is equivalent to

Bi(ag —az) =0,
azf2 —ayfr =0,
(1 — B3)az — az(ay — fB2) =0,
(1 = B2)ay — az(ag — B4) =0,
azfls — asBr =0,
ay(f2 — B3) =0,

(13)
(1 = B3)ay — az(az — Ba) =0,
aq(az —az) =0,
Bi(B2 — B3) =0,
(a2 — B4)B1 — B2(a1 — B2) = 0,
(a3 — B4)B1 — Ba(a1 — B3) =0,
(a3 — Ba)B2 — B3(az — B4) = 0.
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AXIOM 2: A(I ® A) — A(I ® B) = 0is equivalent to

of — a1y + @l — axdy =0,
ajag — a1z + aefly — azdy =0,
ajaz — a1ys + azffs — azdz =0,
1oy — a1y + aefly — a0y =0,
ajag —agyr + agfy — agdy =0,
Q03 — azy2 + auffs — agdy =0,

o3 — azys + aufls — agds =0,
azay — a3ys + ufly — agdy =0,
a1f + 1Bz — iy — B201 =0,

2y = Prvya + B3 — 202 = 0,
asf — P13 + P23 — B203 =0,
a1 — B1ya + 24 — 204 = 0,
13+ f1Bs — Bz — Bad1 =0,
Q23 + P24 — B3z — Bada =0,
aszfs + B3Ba — B3vs — Pads =0,

ufs — Bsvya + B3 — B1ds = 0.

AXIOM 3: A(B®I)— B(I ® A) = 01is equivalent to

azdy — P1y2 =0,
401 — Baye =0,
(62 —71)as +y2(a1 — B3) =0,
(62 = 71)aa + y2(a2 — Ba) = 0,
azdz — f1ya =0,
a403 — Pays = 0,
(73 — 6a)az — ya(a1 — B3) = 0,
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AXIOM 4: B(A®I)—-B(B®I)=0is equivalent to

arm =7 + (=61 + B1)y3 =0,
(B — 51)’Y4 +y2(a1 —m1) =0,
Y1(a2 —72) +v3(B2 — d2) = 0,
a2y2 — 73 +7a(B2 — 62) =0,
(B3 =71 —83)y3 +azy1 =0,
Yoz —¥3) +74(B3 — d3) = 0,
(g =) +73(Ba — 64) =0,
(Bs — 2 —da)va + asy2 =0,

(16)
(a1 — 03 —71)01 + B103 = 0,
(1 —71)02 + 04(=61 + B1) = 0,
(a2 —2)01 + 03(B2 — 62) = 0,
(g —y2 — 64)02 + B204 = 0,
(a3 —3)01 + 03(B3 — d3) = 0,
(o3 —73)02 + 04(B3 — d3) = 0,
(g —74)01 + 03(Ba — 04) = 0,

(g —72)02 + 04(Bs — 04) =
AXIOM 5: B(B® I) — B(B® I) = 0is equivalent to

61(y2 —73) =0,
Y202 — 7461 = 0,
Y1(v2 = 73) — 7203 + 302 = 0,
V3 — 7201 — ya(n — d2) = 0,
Y303 — 7461 = 0,

Y4(62 — 03) = 0, (17)

Y304 — 73 +va(n — d3) =
Ya(v2 —73) =

01(62 — 03) =

(y2 = 04)01 — d2(71 — d2) =
(73 — 04)01 — d3(y1 — 03) =
(73 — 04)02 — 03(72 — 04) =

7

[\v]

0,
0,
0,
0,
0

For A we take MSC of Theorems 3.1, 3.2, 3.3 for the basic field F with the characteristic is not
2, 3, the characteristic 2 and the characteristic 3, respectively. The entries of B we consider as

unknowns:
T Y2 V3 Y4
51 69 03 64/

We substitute A (being associative) and B of a diassociative algebra D := { A, B} into the systems
of equations (14), (15), (16) and (17), consequentially, to get the systems of equations on the
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entries of MSC chosen A with unknown entries of B. Solving the systems of equations we get a
diassociative algebra generated by A. Acting by the automorphism group of A we verify whether
the generated by A diassociative algebras are isomorphic or not.

5.1 The characteristic of [ is not two and three

Theorem 5.1. Any non-trivial 2-dimensional associative dialgebra over a field F, (Char(F) # 2,3) is
isomorphic to only one of the following algebras presented their matrices of structure constants:

1. Diassociative algebras generated by A;3:

0 0 00 0 0 0 O
1. — —
o {as (000 0) 5o (200 0) ser).
2. Diassociative algebras generated by As:
10 0 0 1.0 00
2. — —
'D3'_{A_(o 00 o)’B_<0 0 0 o)}
1 0 0 0 1 0 0 0
3._ _ _
* D {A_(o 0 0 0)’B_<0 10 0)}
10 0 0 1.0 00
4._ _ —
'D3_{A_(0 10 0)’B_<0 10 0)}'
1
- 1
] 5 000 1000
0D§(51) =< A= 1 , B= 2 ,(516{0,1}
0 0 3 0 60 0 0 O
% 0 0 O % 0 0 0
o D= A= . , B= .
0 0 - 0 0 - 00
2 2
% 0 0 O % 0 0 O
e DI:={ A= . , B= .
0 0 -0 0 0 - 0
2 2
1 1
5 0 0 ag 5 0 0 a4
8 . — —
e Di:=(A= . 11 . , B= . 11 . , ageF
2 2 2 2
Proof. Consider Asi,.
AXIOM 2 gives y; = y2 =73 =74 = 0.
AXIOM 3 implies dy = d4 = 0.
0163 — 3 = 0.
From AXIOM 4, we get 5 0
3 = U.
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AXIOM 5 is satisfied automatically.

v [, (0000 (0 00 0
D13‘_{A_(1000>’B_(51000)}’
d

is a diassociative algebra generated by Asi,.

Therefore,

Consider As3 := < (1) 8 8 8 )

ar=1, =0, =1,
az =0, P2=0, 72=0,
az =0, B3=0, 73=0,
as =0, B4=0, v =0.

AXIOM 2 implies

061:1, 6120, 71:17 51207
(5] :O7 62 :07 2 :Oa

AXIOM 3 gives
® 043:07 63:07 ’73:0, (53:0’
ay =0, B4=0, v4=0.
=1 Bi=0, m=1 &=0
AXTOM 4 follows 4 @2~ 0 #2=0, 22 =0,
a3 =0, fB3=0, 73=0, 83=0,
ay =0, Bs=0, 74=0, 04=0.
Case 05 =0 :
a;=1, =0, =1, 6 =0,
:07 :0’ :0’ 5 :07
From AXIOM 5 we get Q2 B2 Y2 5

063:0, /63:05 '73:07 63:07
ay = U, 64:05 74207 54:O

Thus, we obtain

S
wro
I
—N
N
I
7N
O =
o O
o O
o O
N~
Sy
Il
7N
O =
o O
o O
o O
N~~~
—

Casedy =1:

ar=1, =0, m=1, & =0,
az=0, B2=0, 72=0, d2=1,
az =0, B3=0, y3=0, d3=0,
ar =0, B4=0, 74=0, 6,=0.

AXIOM 5 implies

Therefore, we get
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Note that the diassociative algebras D3 and D3 are not isomorphic since acting by the automor-

phism group,
2 1 0 0 0\)\ _ 10
Aut(Asg)Aut(<0 0 0 0)>{<0 : > tG[F,t%O},

to the part B of D3

100 0Y (100 0Y g (10
(0 00)‘9 (0100)9 ’Whereg_(o t)’

we get the system of equations which is inconsistent.

o O

Consider Asj := ( (1) (1) 8 8 )

ap=1, =0, =1, 6 =0,
OQ:O, 62:1, ’}/2:0, (52:1,

AXIOM 2 yields
0[320, 53207 73207 53:()’
ag=0, B4=0, 7 =0, d6,=0.
051:17 B1:07 ’71:17 61207
—0, Bo=1, 79 =0, & =1,
AXIOM 3,4, 5 produce { P i 2

04320, ﬂ3=0, ’}’3207 53207
ay=0, B1=0, 74=0, d,=0.

Hence, we have

s _ [, (1 000 (10
D3'{A(0100>’B(01

o o
o o
N———
—

1
- 0 0 O
Let Atobe As} := | 2 1 . Then,
0 0 = 0
2
1 1
O‘l*iv 61*07 71*53
042:07 B2:07 72:0a
AXIOM 2 implies ) and this satisfies AXIOM 3 too.
043:07 53:57 73*()’
044:07 B4:07 74*()’
AXIOM 4 gives
6163 =0,
0203 =0,
, 203 (18)
263 - 53 = 0,
04 = 0.
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Case 1: Let 05 = 0. Then (18) is equivalent to

1 1
= =0 -
aq 27 61 y M 2a
(€5] :Ov 62 207 72 :Oa
1
063:0, 63257 73:()’ 63:07
ag =0, B4=0, 1=0, =0

and AXIOM 5 gives §162 = 0 and 62(202 — 1) = 0.
Case 1.1: If 52 = 0 then we obtain

1 1
= - =0 ——
g 27 ﬁl M 27
O[QZO, ﬁ2:O7 72:07 62:()’
1
013—0, 63_57 73_07 63:()’
014—0, ﬁ4:O7 74_07 64207
and
1
1
5 5000 ' Yyooo
DI = A= ) . B=| 2
0 O 3 0 6 0 0 O

1
~ 0 0 0 1
Did)=dA=| 2 ) ,B=3 90 5 e},
0 0 = 0 640 0 0 O
2
1 0
by the base change g = | 1 ] € Aut(As3).
01
1
Case 1.2: If52:§, 01 = 0 then we get
1 1
a1_§7 ﬂ1_07 ’Y1_§7 61_07
1
ay =0, fB2=0, =0, 5225’
1
013—0, ﬂ3_§7 73_07 63:Oa
044—0, ﬁ4207 74_07 (54:O
Therefore,
L 0 0 O 1 0 0 O
pé={a=| 2 ) ., B=| 2
0 O 3 0 0 - 0 0

is the next associative dialgebra.
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Note that the dialgebras D3 and D$ are not isomorphic, the fact can be seen acting by

1
- 0 0 O
Aut(Ash) = Aut | 2 :{(i S)|z,te[F,t7éO}7
0 0 - 0
2
on the part B of D3,
1
1
S 00 0 [z ©O0 0 10
2 =g ) g®2, where g = .o )
64 0 0 O 0 3 0 0

We get an inconsistent system of equations with respect to elements of g.

1
Case 2: 63 # 0 implies 6; =0, 62 =0and 63 = 5

1
aq 2) ﬁl y M1 27 1 ;
CYQZO, ﬁ2:07 72:07 62:()’
AXIOM 4, 5 give
—0, fs=o =0, b3=.
a3 = U, 3_27 73 =Y, 3_2a
ag =0, B1=0, 7=0, &=

As a result we obtain the following diassociative algebra,

1 0O 0 O 1 0 0 O
e cB=|
0 0 = 0 0 0 = 0
2 2
1
5 0 0 (67}
Consider A3(ay) = L 1 ,a4 €F.
0 - - 0
2 2
1 1
= — = = — 5 =
aq X p1=0, it 9’ 1=0,
1 1
Q2 = 0’ =35 = 07 0y = o
AXIOM 2 gives { =g m 273
1 1
= - — 5 e
a3 0, 63 2 ) 3 07 3 2 )
Bs=0, v=ay 064=0.
It is easy to see that this satisfies AXIOM 3, 4, 5 too.
Hence, we obtain a diassociative algebra,
L 0 O L 0 O
— (e 7] = Qg
8 . _ 2 _ 2
Dyi=y4= o L1, B= o L1,
2 2 2 2
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Remark 5.1. According to a result of [7] there are four classes of two-dimensional associative dialgebras
over C and they are isomorphic to associative dialgebras from this paper as follows:

o= (380 8) 0=(30 8 8)}=m0
pn={a=(1 82 8) am (182 8 )a
Diasgzz{A:<(1) 8 8 8), B—(g 8 8 8>’ OZE‘C}%D%&
i fa=(3 8 28) o=(3 28 $)}em

Since Theorem 5.1 includes the case Char(C) = 0 the list in [7] needs to be revised, accordingly.

5.2 The characteristic of [ is two

Theorem 5.2. Any non-trivial 2-dimensional associative dialgebra over a field F, (Char(F) = 2) is iso-
morphic to only one of the following algebras presented by their matrices of structure constants:

0 0 0O 0 0 0 O
I-th(‘sl):{A:(l 0 0 0)’B:<51 00 o>’ 516?}'
0 110 0 1 1 0
2. D%172(51):_{A_<61 0 0 1>7B_(ﬁ1 0 0 1)7516[’:}

o= {a= (500 0) (L0
B

Sy
I

0
0
1000 1000
4 — —
4'D672'_{A_<0010)’ _<0100>}
1000 1000
5 — —
5'D672'_{A_<0 0 1 0>’B_<0 0 1 0>}
1110 1110
6 . — —
6'D4v2'{A<0 00 1>’B<0 0 0 1>}
1000 1000
- — —
7'D372'{A<0 00 0>’B<0 0 0 0>}
1000 1000
8 . — —
8'D3v2'{A<0 00 0>’B<0 10 0>}
(0100)

100 0
9 —
9.D372.{A<0 Lo 0),

Proof. If the characteristic of the field [ is two the associative dialgebras generated from the list of
Theorem 3.2 are given as follows:
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From Asj, , = <(1) 8 8 8>,we get

0000 0 00
Diza(1) = {A (1 00 0>’B_<51 00

0
0
The algebra As?; 5(51) ( (1) (1) (1)) ~ <b2(5 0+ .2 (1) (1) (1)) , where a,b,5; € F and
1
b # 0 produces,

D%l,z(ﬁl)iz{A:<ﬁol é (1) (1)>, B:(Lg)l (1) (1) (1)>751€[F}-
1 0
0

From Asj , = <0

_ o = O = O
_ o OO

=

5 are not isomorphic to each others since the group

)
). -
)

The diassociative algebras D ,, D§ , and
of automorphisms of Asg , is trivial.

)

Consider Asj ,(f1) = (51 (1) (1) (1)> . This generates
’ 1
1
0

O =
—_= O
N———
oy
\
7N
O =
O =
O =
o

D}
FromAng:((l) 8 8 8),weget

: [, (1000 e 0
s (100 0) (100 )
s [, (1000 (100 0
DS#"‘{A_(oooo)?B_(o100)}‘

The algebras D7 , and Dj , are not isomorphic since there is no an element of the automorphism

group,
. 10
Aut(As372)={(Z )’ zte[Fandt;éO}

sending the part B of D7 , to the part B of D} ,.

o O
o O

and

Finally, from As§ , = ((1) (1) 8 8), we get

o _f, (1000 (1
DS#"{A(o 1 oo)’B<o

— o
o o
o o
N————
—
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5.3 The characteristic of [ is three

Theorem 5.3. Any non-trivial 2-dimensional associative dialgebra over a field F, (Char(F) = 3) is iso-
morphic to only one of the following algebras presented by their matrices of structure constants:

0 0 0O 0 0 0
b= (4= (008 0) o (200 0) her)
2.D§3:: B 8

)
)
)

W
>
ww
w
Il
—
S
Il
R
O =
o O
o O
o O
~~
S
Il
/N 7 N /7 N
O =
= O
o O
o O

0 00
1 0

2 0 00 2 00
5 — — —
5'D3’3(51)'_{A_<0 0 2 0)’ B_(§1 00
B

}
}.
}.
0 ) die oz,
|
}

2 000 2 000
6 — —
6D3v3_{A_<0020>’ _<0200>
2 000 2 000
7D373_{A_<0 0 2 0)’B_<0 0 2 0)
2.0 0 2 00
8 D373(a4)_{A_<0 9 9 %4)7B_<0 9 9 064>,044€[F7&4?é0}-

Proof. The associative algebra As}z 3 = <(1) 8 8 8) produces,
1 o (0 0 00 (0 0 0 O
D13,3(61)'_ {A_( 1 0 0 0)7 B_<51 00 0)7 516[’“_}
9 1000 . . -
From Asj3 3 = 0 0 0 o) weset the following diassociative algebras
2 (1 0 0 0 (1 0 0O
D3’3_{A_(OOOO>’B_(OOOO)}’
s [, (1000 (100 0
D3»3'_{A_<0 00 0>’ B_(o 10 0)}'

The algebras D3 5 and D3 ; are not isomorphic because there is no an element of the automorphism

group,
AUt(Asg,s) = {( i (z )} )

sending B of D3 5 to B of D3 .
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10
0 1

s _ [, (1000 (1000
D3,3-{A<0100)73<0100 '
2

0 0

The associative algebra As3 ; = (

From Asj 3 = (

o
N O
o o
N
¢}
0y}
@
-+

D§,3(51) =

|
—
b
Il
VR
oN O N
oo OO
O NO

and

In order to check the isomorphisms between Dj 5, D§ ; and Dj ; we act by the elements of auto-

morphism group,
1 0
Aut(Asgﬁ){(l_‘_% t)t#O},

to B parts of each algebras:

2 000 _ (200 0 g (1 0
(51000>_9 (0200)9 ’Whereg_<1+2tt ’
200 0) 1200 0 & (1 0
(0200)‘9 (0020)9 ’Whereg_(1+2tt ’
200 0) (200 0Y g (1 0
(0020)‘9 (51000)9 ’Whereg_(l—i-%t)'

If write these as systems of equation with respect to element of g we get inconsistent systems of
equations.

2 0 Qg
2

0

2 0 0 «
Dialoa) = {A:(o 2 2 0

Finally, Asj 5 = (

W~
N~
™
Il
7N
(el V)
N O
N O
o £
"
~—

6 Conclusion

In the paper first we classify all associative structures on two-dimensional vector spaces over
any basic field unlike previous studies, where such a classification was done over an algebraic
closed field (or over C). The automorphism groups of the algebras found is computed. By us-
ing these we describe all associative dialgebra structures on two-dimensional vector spaces over
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any basic field. The list of isomorphism classes of two-dimensional associative dialgebras over C
obtained earlier is revised.
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